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AI, machine learning, and optimization

• optimization: fundamental tool for AI and machine learning

• importance of structure

– develop new algorithms and theory
(simplex, IPM, mirror-descent, variance reduction, . . . )

– extend scope of fundamental algorithms and theory
(also provide more insight of problem structure)

• this tutorial: policy gradient methods

– among most effective methods for reinforcement learning

– involve a variety of optimization algorithms and theory

focus: tabular setting, simple and unified convergence analysis
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Outline

• discounted finite Markov decision process (MDP)

• (exact) policy gradient methods:

– policy gradient method with softmax parametrization
(non-uniform P L and smoothness, linear convergence)

– projected policy gradient method
(gradient mapping domination and O(1/k) rate)

– natural policy gradient (NPG), mirror descent
(O(1/k) rate and linear convergence)

– projected Q-descent method (new)

• summary (insights on linear convergence)
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Preview of results

basic conclusions

• convergence to global optimum despite nonconvexity

• constant stepsize: O(1/k) sublinear convergence

• increasing stepsize: linear convergence

true for different classes of (exact) policy gradient methods

several new results

• O(1/k) rate of projected policy gradient method

• simple analysis of linear convergence of NPG (mirror-descent)

• projected Q-descent method and its fast convergence

(please cite upcoming paper or this talk)
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Markov decision process (MDP)

discounted finite MDP: M = (S,A,P , r , γ)

• S: finite state space

• A: finite action space

• P : S ×A → ∆(S): probability transition function

– P(s ′|s, a): probability of transition to s ′ from s after action a

– P(·|s, a) ∈ ∆(S): distribution of state after action a in state s

• r : S ×A → R: reward function

• γ ∈ (0, 1): discount factor for reward (usually close to 1)

powerful model with many applications in OR and RL
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A simple example
whether to fish salmons this year:

(image credit: Somnath Banerjee [Banerjee, 2021])

• state space (salmon population): S = {empty, low, medium, high}
• action space: A = {fish, not to fish, re-breed}
• transition probabilities and rewards labeled in graph
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Policy

stationary policy: π ∈ ∆(A)|S| (independent of time t)

• π(a|s): probability of taking action a in state s

• deterministic policy: π(·|s) = 1 for some a′ ∈ A and 0 for a 6= a′

environment

agent

P(·|st , at)

π(·|st)

state st reward rtaction at

st+1

rt+1

notation: will also use πs,a for π(a|s) and πs ∈ ∆(A) for π(·|s)
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Value function
• value function: for each s ∈ S

Vs(π) := E
at∼π(·|st)

st+1∼P(·|st ,at)

[ ∞∑
t=0

γtr(st , at)
∣∣∣ s0 = s

]

• vectored value function, V (π) = [Vs(π)]s∈S ∈ R|S|, satisfies

V (π) =
∞∑
t=0

γtP(π)tR(π)

P(π) and R(π) linear functions of π

– P(π) ∈ R|S|×|S| where Ps,s ′(π) =
∑

a∈A πs,a Ps,s ′(a)

– R(π) ∈ R|S| where Rs(π) =
∑

a∈A πs,ars,a = 〈πs , rs〉
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Policy evaluation
• vectored value function

V (π) =
∑∞

t=0 γ
tP(π)tR(π)

= R(π) + γP(π)R(π) + γ2P(π)2R(π) + · · ·
= R(π) + γP(π)

(
R(π) + γP(π)R(π) + γ2P(π)2R(π) + · · ·

)
= R(π) + λP(π)V (π)

• unique solution of linear equations (cost |S|3 solving directly)

V = R(π) + γP(π)V

• closed-form expression:

V (π) =
(
I − γP(π)

)−1
R(π)

well defined since 0 < γ < 1 and P(π) row stochastic
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Optimality
• optimal values (maximizing discounted total reward)

V ?
s = sup

π∈∆(A)|S|
Vs(π), ∀ s ∈ S

• optimal policy

π? = arg max
π∈∆(A)|S|

Vs(π), ∀ s ∈ S

exist stationary policy optimal for all s (e.g., [Puterman, 2005])

• optimality equation (Bellman equation)

Vs = sup
a∈∆A

{
rs,a + λ

∑
s ′∈S

Ps,s ′(a)Vs ′

}
, ∀ s ∈ S

or in vector form: V = supπ∈∆(A)|S|
{
R(π) + λP(π)V

}
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Algorithms

• dynamic programming (DP)

– value iteration
– policy iteration
– TD learning, Q-learning, . . .

• linear programming

• (stochastic) policy gradient methods

– REINFORCE, NPG, TRPO, actor-critic, . . .

• direct policy optimization

– evolution strategies, . . .
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Policy gradient methods
• expected value function: for any ρ ∈ ∆(S)

Vρ(π) := E
s∼ρ

[Vs(π)] =
∑

s∈S ρsVs(π) = 〈V (π), ρ〉

• minimizing discounted total cost

min
π∈∆(A)|S|

Vρ(π) (cost = 1− reward ∈ [0, 1])

• focus of tutorial: methods with exact gradient oracle
– policy gradient with soft-max parametrization
– projected policy gradient method
– natural policy gradient (mirror descent)

impractical, but foundational for stochastic methods
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Structure of value function
• Vρ(π) non-convex in general

Vρ(π) = ρT (I − γP(π))−1 R(π)

for a concrete example, see, e.g., [Agarwal et al., 2021]

• nonconvexity seems superficial
– admits linear programming formulation
– scalar case: linear fractional function

f (x) =
aTx + b

cTx + d
with cTx + d > 0

quasi-convex and quasi-concave
– policy gradient methods converge to global optima
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State-action value function
• definition

Qs,a(π) := E
at∼π(·|st)

st+1∼P(·|st ,at)

[ ∞∑
t=0

γtr(st , at)
∣∣∣ s0 = s, a0 = a

]

alternative definition:

Qs,a(π) = r(s, a) + γ
∑
s ′∈S

P(s ′|s, a)Vs ′(π)

• useful relations (for all s ∈ S):

Vs(π) = E
a∼πs

[Qs,a(π)] =
∑
a∈A

πs,aQs,a(π) = 〈Qs(π), πs〉

notations: moving s, a as subscripts, emphasizing function of π
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Advantage function

• definition
As,a(π) := Qs,a(π)− Vs(π)

• useful relation (for all s ∈ S):

E
a∼πs

[As,a(π)] =
∑
a∈A

πs,aAs,a(π) = 〈As(π), πs〉 = 0

proof: 〈
As(π), πs

〉
=
〈
Qs(π)− Vs(π)1, πs

〉
=
〈
Qs(π), πs

〉
− Vs(π)

〈
1, πs

〉
= Vs(π)− Vs(π)

= 0

14



Discounted state visitation probability
• definition

ds,s ′(π) := (1− γ)
∞∑
t=0

γt Prπ(st = s ′ | s0 = s)

= (1− γ)
[(
I − γP(π)

)−1
]
s,s ′• properties

–
∑

s ′ ds,s ′(π) = 1, therefore ds(π) ∈ ∆(S) for all s and π

– diagonals ds,s(π) ≥ 1− γ (because Pr(s0 = s | s0 = s) = 1)

– ds(π) ∈ ∆(S): visitation distribution when starting at s

• expected state-visitation probability

dµ,s ′(π) := E
s∼µ

[ds,s ′(π)] =
∑
s∈S

µsds,s ′(π)
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Distribution mismatch coefficients
• policy gradient methods often involve two distributions:

– ρ ∈ ∆(S): used in Vρ(π) for performance evaluation
– µ ∈ ∆(S): initial state distribution to evaluate ∇Vµ(π)

• distribution mismatch coefficient∥∥∥∥ dρ(π)

dµ(π′)

∥∥∥∥
∞

:= max
s∈S

dρ,s(π)

dµ,s(π′)

• since dµ,s(π) ≥ (1− γ)µs , for all π′ ∈ ∆(A)|S|∥∥∥∥ dρ(π)

dµ(π′)

∥∥∥∥
∞
≤ 1

1− γ

∥∥∥∥dρ(π)

µ

∥∥∥∥
∞

• assumption: µs > 0 for all s ∈ S
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Policy gradient

policy gradients are weighted Q-functions

∂Vs(π)

∂πs ′,a′
=

1

1− γ
ds,s ′(π)Qs ′,a′(π)

policy gradient of expected value function

∂Vµ(π)

∂πs ′,a′
=

1

1− γ
dµ,s ′(π)Qs ′,a′(π)

policy gradient with respect to πs

∂Vµ(π)

∂πs
=

1

1− γ
dµ,s(π)Qs(π)
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Derivation of policy gradient

define es ∈ R|S| with es,s ′ = 1 if s = s ′ and 0 otherwise

• value function: Vs(π) = eTs V (π) = eTs
(
I − γP(π)

)−1
R(π)

• visitation probability: ds,s ′(π) = (1− γ)eTs
(
I − γP(π)

)−1
es ′

policy gradient: using matrix calculus ∂X−1

∂α = −X−1 ∂X
∂αX

−1

∂Vs(π)

∂πs ′,a′
= eTs

(
I − γP(π)

)−1
(
∂R(π)

∂πs ′,a′
+ γ

∂P(π)

πs ′,a′

(
I − γP(π)

)−1
R(π)

)
= eTs

(
I − γP(π)

)−1
es ′
(
rs ′,a′ + γPs ′, : (a′)V (π)

)
=

1

1− γ
ds,s ′(π)Qs ′,a′(π)
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Performance difference lemma
• original form [Kakade and Langford, 2002]

Vs(π)− Vs(π̃) =
1

1− γ
E

s ′∼dπs
E

a′∼π(·|s ′)
[As ′,a′(π̃)]

(RHS: expectation of As ′,a′(π̃) w.r.t. distribution induced by π)

• useful variant:

Vs(π)− Vs(π̃) =
1

1− γ
E

s ′∼dπs
〈Qs ′(π̃), πs ′ − π̃s ′〉

equivalence: E
a′∼π(·|s ′)

[As ′,a′(π̃)] =
〈
As ′(π̃), πs ′

〉
=
〈
Qs ′(π̃)− Vs ′(π̃)1, πs ′

〉
=
〈
Qs ′(π̃), πs ′

〉
− Vs ′(π̃)

=
〈
Qs ′(π̃), πs ′ − π̃s ′

〉
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Proof of performance difference lemma

Vs(π)− Vs(π̃)

=
〈
Qs(π), πs

〉
−
〈
Qs(π̃), π̃s

〉
=
〈
Qs(π̃), πs − π̃s

〉
+
〈
Qs(π)− Qs(π̃), πs

〉
=
〈
Qs(π̃), πs − π̃s

〉
+ γ

∑
s∈S

πs,a
∑
s ′∈S

Ps,s ′(a)
(
Vs ′(π)− Vs ′(π̃)

)
let u ∈ R|S| such that us =

〈
Qs(π̃), πs − π̃s

〉
, then

V (π)− V (π̃) = u + γP(π)
(
V (π)− V (π̃)

)
therefore V (π)−V (π̃) =

(
I − γP(π)

)−1
u, written component-wise:

Vs(π)− Vs(π̃) =
1

1− γ
∑
s ′∈S

ds,s ′(π)
〈
Qs ′(π̃), πs ′ − π̃s ′

〉
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Outline

• discounted finite Markov decision process (MDP)

• (exact) policy gradient methods:

– policy gradient method with softmax parametrization
(non-uniform P L and smoothness, linear convergence)

– projected policy gradient method
(gradient mapping domination and O(1/k) rate)

– natural policy gradient (mirror descent)
(O(1/k) rate and linear convergence)

– projected Q-descent method (new)

• summary (insights on linear convergence)
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Parametrizations of policy
• direct parametrization

– treat πs,a as variables in R|S|×|A|

– need explicit constraints: πs ∈ ∆(A) for all s ∈ S
– complete policy class (contains optimal policy)

• softmax parametrization:

πs,a(θ) =
exp(fs,a(θ))∑
a′ exp(fs,a′(θ))

– softmax tabular policy class: fs,a(θ) = θs,a and θ ∈ R|S|×|A|

– log-linear policy class: fs,a(θ) = 〈θ, φs,a〉 and θ ∈ Rp

– neural policy class: fs,a(θ) = network(θ, φs,a) and θ ∈ Rp

last two classes may be incomplete (usually p�|S| |A|)
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Policy gradient theorem

define Js(θ) = Vs(π(θ)), then [Sutton et al., 2000]:

∇Js(θ) =
1

1− γ
∑
s ′∈S

ds,s ′(π(θ))
∑
a′∈A

Qs ′,a′(π(θ))∇πs ′,a′(θ)

• direct parametrization:
∂πs,a
∂πs ′,a′

=

{
1 s = s ′ a = a′

0 otherwise
, therefore

∂Vs(π)

∂πs ′,a′
=

1

1− γ
ds,s ′(π)Qs ′,a′(π)

• softmax tabular parametrization [Agarwal et al., 2021]

∂Js(θ)

∂θs ′,a′
=

1

1− γ
ds,s ′(π(θ))πs ′,a′(θ)As ′,a′(π(θ))
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Softmax policy gradient descent

unconstrained optimization

min
θ∈R|S|×|A|

{Jρ(θ) := Vρ(π(θ))}

policy gradient descent

θk+1 = θk − ηk∇Jµ(θk)

• softmax tabular parametrization: πs,a(θ) =
exp(θs,a)∑
a′ exp(θs,a′)

• objective defined with ρ ∈ ∆(S)

• gradient computed with µ ∈ ∆(S):

∂Jµ(θ)

∂θs,a
=

1

1− γ
dµ,s(π(θ))πs,a(θ)As,a(π(θ))
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Convergence rate

Recall assumption of sufficient exploration: µs > 0 for all s ∈ S

• [Mei et al., 2020]: with constant stepsize ηk = η = (1− γ)3/8

Jρ(θ
k)− J?ρ = O

(
|S|

(1−γ)6k

)
• [Mei et al., 2021]: normalized policy gradient descent

θk+1 = θk − η ∇Jµ(θk)
‖∇Jµ(θk)‖2

geometric convergence:

Jρ(θ
k+1)− J?ρ = O

(
1

1−γ exp(−Ck)
)

constants in O(·) depend on 1
1−γ ,

∥∥dµ(π?)
µ

∥∥
∞ and

∥∥dρ(π?)
µ

∥∥
∞
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Smooth nonconvex optimization

min
x∈Rn

f (x) with gradient descent xk+1 = xk − ηk∇f (xk)

• smoothness: ‖∇f (x)−∇f (y)‖2 ≤ L‖x−y‖2, which implies

f (y) ≤ f (x) + 〈∇f (x), y − x〉+
L

2
‖y − x‖2

2

• descent property: with stepsize ηk = 1/L,

f (xk)− f (xk+1) ≥ 1

2L
‖∇f (xk)‖2

2

• convergence rate: min
0≤k≤K

‖∇f (xk)‖2
2 ≤

2L
(
f (x0)− f ?)

K + 1
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Convergence to global optimum
• gradient dominance (Polyak- Lojasiewicz condition)

1

2
‖∇f (x)‖2

2 ≥ µ
(
f (x)− f ?

)
– satisfied by strong convexity with convexity parameter µ
– nonconvex f : guarantees convergence to global optimum

• linear convergence to global optimum:

f (xk)− f (xk+1) ≥ 1

2L
‖∇f (xk)‖2

2 ≥
µ

L

(
f (xk)− f ?

)
=⇒ f (xk+1)− f ? ≤

(
1− µ

L

) (
f (xk)− f ?

)
=⇒ f (xk+1)− f ? ≤

(
1− µ

L

)k+1 (
f (x0)− f ?

)
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Convergence to global optimum

• weak gradient dominance (weak  Lojasiewicz condition)

‖∇f (x)‖2 ≥
√

2µ
(
f (x)− f ?

)
• combined with smooth descent property:

f (xk)− f (xk+1) ≥ 1

2L
‖∇f (xk)‖2

2 ≥
µ

L

(
f (xk)− f ?

)2

• O(1/k) convergence to global optimum:

f (xk)− f ? ≤ f (x0)− f ?

1 + k · µL(f (x0)− f ?)
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Proof of O(1/k) convergence

let δk = f (xk)− f ?, then

δk − δk+1 ≥
µ

L
δ2
k

dividing both sides by δkδk+1 and using δk ≥ δk+1:

1

δk+1
− 1

δk
≥ µ

L

δk
δk+1

≥ µ

L

telescoping sum over iterations 0, 1, . . . , k − 1:

1

δk
− 1

δ0
≥ k · µ

L
=⇒ δk ≤

1
1
δ0

+ k · µL
(cf. [Nesterov, 2004, Theorem 2.1.14])
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Linear convergence under weak P L

• weak gradient dominance + smoothness:

f (xk)− f (xk+1) ≥ 1
2Lk
‖∇f (xk)‖2

2 ≥
µ
Lk

(
f (xk)− f ?

)2

• non-uniform smoothness [Mei et al., 2021]

f (y) ≤ f (x) + 〈∇f (x), y − x〉+ Lk
2 ‖y − x‖2

2

– if Lk ≤ β
(
f (xk)− f ?

)
or Lk ≤ β′‖∇f (xk)‖2, then with ηk = 1

Lk
,

f (xk)− f (xk+1) ≥ µ
β

(
f (xk)− f ?

)
– linear convergence: f (xk)− f ? ≤

(
1− µ

β

)k(
f (x0)− f ?

)
– effectively, stepsize ηk = 1

Lk
increases geometrically
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Application: softmax policy gradient descent

minimize Jρ(θ) = Vρ(π(θ)):

θk+1 = θk − ηk∇Jµ(θk)

• (weak) gradient dominance [Mei et al., 2020]

‖∇Jµ(θ)‖2 ≥ c1

(
Jρ(θ)− J?ρ

)
⇒ O(1/k) convergence rate with constant stepsize

• non-uniform smoothness [Mei et al., 2021]

Lρ(θ) ≤ c2‖∇Jµ(θ)‖2

⇒ linear convergence with increasing stepsize, or normalized PG

θk+1 = θk − η ∇Jµ(θk)
‖∇Jµ(θk)‖2
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Key for linear convergence

• (weak) P L condition (gradient dominance)
– linear quadratic regulators (LQR): [Fazel et al., 2018]

– finite MDP: [Bhandari and Russo, 2019] [Agarwal et al., 2021]

– can be derived from performance difference lemma (PDL)

• non-uniform (gradient dominated) smoothness
– structure of softmax tabular parametrization

πs,a(θ) =
exp(θs,a)∑
a′ exp(θs,a′)

– ‖θk‖ → ∞, converging to extremely flat landscape

– can use increasing stepsize or normalized gradient method

(examples with different exponents given in [Mei et al., 2021])
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Interpretation through Polyak stepsize I

unconstrained optimization

xk+1 = xk − ηk∇f (xk)

Polyak step size:

ηk =
f (xk)− f ?

‖∇f (xk)‖2

two ways to derive
• from subgradient convergence analysis (assuming convexity of f )
• Newton-Raphson perspective [Gower et al., 2021]

f (xk) +
〈
∇f (xk), x − xk

〉
= f ?

– heavily under-determined linear system
– minimizing ‖x − xk‖2 with linear constraint gives Polyak stepsize
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Interpretation through Polyak stepsize II

Polyak step size:

xk+1 = xk − f (xk)− f ?

‖∇f (xk)‖2
∇f (xk)

not practical if f ? unknown, but has important implications:

• strong P L condition: ‖∇f (x)‖2 ≥ µ(f (x)− f ?)

xk+1 = xk − η∇f (xk) with η ∼ 1

µ

• weak P L condition: ‖∇f (x)‖ ≥ µ′(f (x)− f ?)

xk+1 = xk − η ∇f (xk)

‖∇f (xk)‖
with η ∼ 1

µ′
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Outline

• discounted finite Markov decision process (MDP)

• (exact) policy gradient methods:

– policy gradient method with softmax parametrization
(non-uniform P]L and smoothness, linear convergence)

– projected policy gradient method
(gradient mapping domination and O(1/k) rate)

– natural policy gradient (mirror descent)
(O(1/k) rate and linear convergence)

– projected Q-descent method (new)

• summary (insights on linear convergence)
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Projected policy gradient method

constrained optimization with direct parametrization

min
π∈∆(A)|S|

Vρ(π) Vρ(π) =
〈
ρ,
(
I − γP(π)

)−1
R(π)

〉
projected policy gradient method

πk+1 = Proj∆(A)|S|
(
πk − ηk∇Vµ(πk)

)
projection can be done for each s separately

πk+1
s = Proj∆(A)

(
πks − ηk∇sVµ(πk)

)
, s ∈ S
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Convergence rate of PPG
• O(1/

√
K ) convergence to global optimum [Agarwal et al., 2021]

min
0<k≤K

{
Vρ(π

k)− V ?
ρ

}
≤ 64γ|S||A|√

K (1−γ)6

∥∥∥dρ(π?)
µ

∥∥∥2

∞

– smoothness: ‖∇Vs(π)−∇Vs(π
′)‖2 ≤

2γ|A|
(1−γ)3 ‖π − π

′‖2

– variational gradient dominance condition

Vρ(π)− V ?
ρ ≤ 1

1−γ

∥∥∥dρ(π?)
µ

∥∥∥
∞

max
π′∈∆A|S|

〈
∇Vµ(π), π′ − π

〉
• new analysis as proximal gradient method

– gradient-mapping dominance condition
– O(1/k) convergence with constant stepsize

37



Composite nonconvex optimization

minimize
x∈Rn

{F (x) := f (x) + Ψ(x)}

• f smooth: ‖∇f (x)−∇f (y)‖∗ ≤ Lf ‖x − y‖, which implies

|f (y)− f (x)− 〈∇f (x), y − x〉| ≤ Lf
2
‖y − x‖2

• Ψ: closed convex function, can be nonsmooth
– nonsmooth regularization, such as Ψ(x) = λ‖x‖1

– indicator function: Ψ(x) = 0 if x ∈ C and +∞ otherwise

• in context of projected policy gradient method
– f : expected value function Vρ(·)
– Ψ: indicator function of convex set ∆(A)|S|
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Proximal gradient method

• proximal mapping of Ψ

proxΨ(x) = arg min
y

{
Ψ(y) + 1

2‖y − x‖2
2

}
• proximal gradient method with constant step size η = 1

L

xk+1 = arg min
x

{〈
∇f (xk), x − xk

〉
+ L

2‖x − xk‖2 + Ψ(x)
}

= prox 1
LΨ

(
xk − 1

L∇f (xk)
)

• Gradient mapping

GL(xk) = L
(
xk − prox 1

LΨ

(
xk − 1

L∇f (xk)
))

therefore xk+1 = xk − 1
LGL(xk) (if Ψ ≡ 0, then GL(x) = ∇f (x))
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Analysis of proximal gradient method

convergence rate:

min
0≤k≤K

∥∥GL(xk)
∥∥

2
= O

(
1√
K+1

)
• progress of each iteration (e.g., [Beck, 2017, Section 10.3])

F (xk)− F (xk+1) ≥ 1
2L

∥∥GL(xk)
∥∥2

2

• sum over k = 0, 1, . . . ,K − 1

F (x0)− F (xK+1) ≥ 1
2L

∑K
k=0

∥∥GL(xk)
∥∥2

2

• therefore

min0≤k≤K
∥∥GL(xk)

∥∥2

2
≤ 2L(F (x0)−F ?)

K+1

40



Convergence to global optimum

• gradient mapping domination

1

2
‖GL(x)‖2

2 ≥ µ
(
F (x+)− F ?

)
where x+ = x − 1

LGL(x) = prox 1
LΨ

(
x − 1

L∇f (x)
)

• linear convergence to global optimum

F (xk)− F (xk+1) ≥ 1

2L

∥∥GL(xk)
∥∥2

2
≥ µ

L

(
F (xk+1)− F ?

)
=⇒

(
1 +

µ

L

) (
F (xk+1)− F ?

)
≤ F (xk)− F ?

=⇒ F (xk+1)− F ? ≤
(

1 +
µ

L

)−(k+1) (
F (x0)− F ?

)
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Relation to K L or proximal-P L
• Kurdyka- Lojasiewicz (K L) with exponent 1/2

min
s∈∂F (x)

1
2‖s‖

2 ≥ µ̃
(
F (x)− F ?

)
• proximal P L (equivalent to K L) [Karimi et al., 2016]

1
2PL(x) ≥ µ

(
F (x)− F ?

)
PL(x) := −2Lminy

{
〈∇f (x), y − x〉+ L

2‖y − x‖2
2 + Ψ(y)−Ψ(x)

}
• gradient mapping domination

1
2 ‖GL(x)‖2

2 ≥ µ
(
F (x+)− F ?

)
interlacing relations:

1
2‖PL(x)‖2

2 ≥ 1
2 ‖GL(x)‖2

2 ≥ µ
(
F (x)− F ?

)
≥ µ

(
F (x+)− F ?

)
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Convergence to global optimum

• weak gradient mapping domination

‖GL(x)‖2 ≥
√

2µ
(
F (x+)− F ?

)
• combined with proximal gradient descent property:

F (xk)− F (xk+1) ≥ 1

2L
‖GL(xk)‖2 ≥

µ

L

(
F (xk+1)− F ?

)2

• O(1/k) convergence to global optimum:

F (xk)−F ? ≤ max

{
1

1 + k · µ4L(F (x0)− F ?)
,

(√
2

2

)k}(
F (x0)−F ?

)
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Proof of O(1/k) convergence I

let δk = F (xk)− F ?, then

δk − δk+1 ≥
µ

L
δ2
k+1

dividing both sides by δkδk+1

1

δk+1
− 1

δk
≥ µ

L

δk+1

δk

telescoping sum over iterations 0, 1, . . . , k − 1:

1

δk
− 1

δ0
≥ µ

L

k−1∑
i=0

δi+1

δi

cannot continue as before (≥ µ
Lk) because δi+1 ≤ δi
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Proof of O(1/k) convergence II

for any two constant r , c ∈ (0, 1), define

n(k , r) := number of times δi+1

δi
≥ r for 0 ≤ i ≤ k − 1

• if n(k , r) ≥ ck , then δi+1

δi
≥ r at least dcke times, thus

1
δk
− 1

δ0
≥ µ

L rck =⇒ δk ≤ 1
1
δ0

+µ
L rck

= O
(

1
k

)
• if n(k , r) < ck , then δi+1

δi
< r at least d(1−c)ke times

δk ≤ δ0r
(1−c)k = δ0

(
r 1−c)k

combining two cases:

δk ≤ min
0<r ,c<1

max
{

1
1+µ

L δ0rck
,
(
r 1−c)k} δ0
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Linear convergence under weak K L?

• weak gradient dominance + smoothness:

F (xk)− F (xk+1) ≥ 1
2Lk
‖GLk(xk)‖2

2 ≥
µ
Lk

(
F (xk+1)− F ?

)2

• non-uniform smoothness (extending [Mei et al., 2021])?

f (y) ≤ f (x) + 〈∇f (x), y − x〉+ Lk
2 ‖y − x‖2

2

if Lk ≤ β
(
F (xk+1)− F ?

)
or Lk ≤ β′‖GLk(xk)‖2, then

F (xk)− F (xk+1) ≥ µ
β

(
F (xk+1)− F ?

)
– does not work with compact feasible set
– will revisit as special case of mirror descent
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Application: projected policy gradient method

• composite nonconvecx optimization formulation

min
π∈R|S||A|

{
F (π) := Vρ(π) + Ψ(π)

}
– Vρ: smooth with Lipschitz constant 2γ|A|

(1−γ)3 [Agarwal et al., 2021]

– Ψ: indicator of convex set ∆(A)|S|

• projected policy gradient method

πk+1 = proxηΨ

(
πk − η∇Vµ(πk)

)
= πk − ηG1/η(πk)

[Agarwal et al., 2021]: O(1/
√
k) convergence rate

• new O(1/k) convergence rate
– smoothness + (weak) gradient mapping domination
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Gradient mapping domination

• variational gradient domination [Agarwal et al., 2021, Lemma 4]

Vρ(π)− Vρ(π
?) ≤ 1

1−γ

∥∥∥dρ(π?)
µ

∥∥∥
∞

max
π′∈∆(A)|S|

〈
∇Vµ(π), π − π′

〉
• [Nesterov, 2013, Theorem 1]: if π+ = π − ηG1/η(π), then

max
π′∈∆(A)|S|

〈
∇Vµ(π+), π+−π′

〉
≤ (1 + Lη) ·

∥∥G1/η(π)
∥∥

2
·
∥∥π+− π′

∥∥
2

(holds for minx f (x) + Ψ(x) where f smooth and Ψ convex)

• using η = 1/L and noticing ‖π+
s − π′s‖2 ≤

√
2 for all s ∈ S,

max
π′∈∆(A)|S|

〈
∇Vµ(π+), π+− π′

〉
≤ 2
√

2|S| ·
∥∥G1/η(π)

∥∥
2
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Improved convergence rate

• (weak) gradient mapping domination:

Vρ(π
+)− Vρ(π

?) ≤ 2
√

2|S|
1−γ

∥∥∥dρ(π?)
µ

∥∥∥
∞
‖GL(π)‖2

(recall general form ‖GL(x)‖2 ≥
√

2µ
(
F (x+)− F ?

)
)

• O(1/k) convergence rate according to previous analysis

• iteration complexity for Vρ(π
k)− V ?

ρ ≤ ε

max

{
128|S||A|
ε (1− γ)6

∥∥∥∥dρ(π?)µ

∥∥∥∥2

∞
, 3 log

1

(1− γ)ε

}
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Outline

• discounted finite Markov decision process (MDP)

• (exact) policy gradient methods:

– policy gradient method with softmax parametrization
(non-uniform P L and smoothness, linear convergence)

– projected policy gradient method
(gradient mapping domination and O(1/k) rate)

– natural policy gradient (mirror descent)
(O(1/k) rate and linear convergence)

– projected Q-descent method (new)

• summary (insights on linear convergence)
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Natural policy gradient (NPG) method

• recall problem definition

Jρ(θ) := Vρ(π(θ))

• Fisher information matrix (induced by π)

Fρ(θ) = E
s∼dρ(π(θ))

E
a∼πs(θ)

[
∇ log πs,a(θ)

(
∇ log πs,a(θ)

)T]
• preconditioned policy gradient method

θk+1 = θt + ηFρ(θ
k)−1∇Jρ(θ)

[Kakade, 2001]
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NPG with softmax parametrization

• softmax parametrization: π : R|S|×|A| → ∆(A)|S|

πs,a(θ) =
exp(θs,a)∑

a′∈A exp(θs,a′)

• NPG update (e.g., [Agarwal et al., 2021])

θk+1 = θk − η

1− γ
A(π(θk))

• corresponding policy update

πs,a(θk+1) = πs,a(θk)
exp
(
−ηQs,a(π(θk))/(1− γ)

)
Zs(θk)

Zs(θ
k): normalization factor such that

∑
a∈A πs,a(θk+1) = 1
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Equivalent mirror descent update
using direct parametrization:

πk+1
s = arg min

p∈∆(A)

{
ηk
〈
Qs(π

k), p
〉

+ DKL(p||πks )
}
, ∀ s ∈ S

where KL denotes Kullback-Leibler divergence:

DKL(p||q) =
∑
a∈A

pa log
pa
qa

convergence to global optima (without regularization)
• [Shani et al., 2020]: O(1/

√
k) convergence rate

• [Agarwal et al., 2021]: O(1/k) rate
• [Lan, 2021]: O(1/k) rate and linear convergence
• [Khodadadian et al., 2021]: linear convergence (adaptive stepsize)
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Mirror descent method
• convex optimization problem

minimize
x∈C

f (x)

• Bregman divergence of reference function h (strictly convex)

Dh(x , y) := h(x)− h(y)− 〈∇f (y)x − y〉

• mirror descent (proximal gradient form)

xk+1 = arg min
x∈C

{
ηk〈∇f (xk), x〉+ D(x , xk)

}
– originally due to [Nemirovski and Yudin, 1983]
– proximal (sub-)gradient form [Beck and Teboulle, 2003]
– O(1/

√
k) convergence rate in general convex setting

54



Examples of mirror descent method

xk+1 = arg min
x∈C

{
ηk〈∇f (xk), x〉+ D(x , xk)

}
• Euclidean geometry: h = 1

2‖x‖
2
2 and D(x , y) = 1

2‖x − y‖2
2

xk+1 = arg min
x∈C

{
ηk〈∇f (xk), x〉+ 1

2

∥∥x − xk
∥∥2

2

}
= ProjC

(
xk − ηk∇f (xk)

)
• simplex: C = ∆, h =

∑
i xi log xi and D(x , y) = DKL(x ||y)

xk+1
i = xi

exp(−ηk∇i f (xk))

Z (xk)

where Z (xk) is normalization factor such that xk+1 ∈ ∆
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Relative smoothness and strong convexity

question: can we have faster rate than O(1/
√
k) if f smooth?

• relative smoothness with parameter β

f (x) ≤ f (y) + 〈∇f (y), x − y〉+ β D(x , y)

equivalently
Df (x , y) ≤ β Dh(x , y)

• relative strong convexity with parameter α

Df (x , y) ≥ αDh(x , y)

• relatively smooth and strongly convex (α ≤ β)

αDh(x , y) ≤ Df (x , y) ≤ β Dh(x , y)
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Mirror descent: faster convergence rate

• convex optimization problem

minimize
x∈C

f (x)

assumption: f relatively smooth with respect to h

• mirror descent

xk+1 = arg min
x∈C

{
ηk〈∇f (xk), x〉+ D(x , xk)

}
– O(1/k) convergence rate [Birnbaum et al., 2011]
– independent recent works:

[Bauschke et al., 2017], [Lu et al., 2018], [Zhou et al., 2019]
– linear rate under relative strong convexity [Lu et al., 2018]
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Analysis of mirror descent I
• three-point descent lemma [Chen and Teboulle, 1993]:

if φ convex and
x+ = arg min

u∈C

{
φ(u) + Dh(u, x)

}
then for any u ∈ C,

φ(x+) + Dh(x+, x) ≤ φ(u) + Dh(u, x)− Dh(u, x+)

• applying to MD update with φ(·) = ηk〈∇f (xk), ·〉

〈∇f (xk), xk+1 − u〉+ 1
ηk
Dh(xk+1, xk)︸ ︷︷ ︸

a

≤ 1
ηk
Dh(u, xk)− 1

ηk
Dh(u, xk+1)

• let u = xk and ηk ≤ 1
β , then a ≥ f (xk+1)−f (xk) by relative smooth

descent property: f (xk+1)− f (xk) ≤ − 1
ηk
Dh(xk , xk+1) ≤ 0
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Analysis of mirror descent II

by subtracting and adding 〈∇f (xk), xk〉,

〈∇f (xk), xk+1 − xk〉+
1

ηk
Dh(xk+1, xk)︸ ︷︷ ︸

a

+ 〈∇f (xk), xk − u〉︸ ︷︷ ︸
b

≤ 1

ηk
Dh(u, xk)− 1

ηk
Dh(u, xk+1)

• relative smoothness (ηk ≤ 1
β ): a ≥ f (xk+1)− f (xk)

• (relative strong) convexity: b ≥ f (xk)− f (u) + αDh(u, xk)

combining together,

f (xk+1)− f (u) ≤
(

1

ηk
− α

)
Dh(u, xk)− 1

ηk
Dh(u, xk+1)
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Analysis of mirror descent III

using constant step size ηk = 1/β:

f (xk+1)− f (u) ≤ (β − α)Dh(u, xk)− βDh(u, xk+1)

rate of convergence: [Lu et al., 2018]

• if α > 0, then linear convergence

f (xk)− f (u) ≤
(

1− α

β

)k
Dh(u, x0)

• if α = 0, then sublinear convergence

f (xk)− f (u) ≤ β

k
Dh(u, x0)
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Policy mirror descent (PMD)
• expected divergence: for arbitrary ρ ∈ ∆(S)

Dρ(π||π′) = E
s∼ρ

[
D(πs ||π′s)

]
==

∑
s∈S ρsD(πs ||π′s)

• mirror descent with weighted divergence

πk+1 = arg min
π∈∆(A)|S|

{
ηk
〈
∇Vµ(πk), π

〉
+ 1

1−γDdµ(πk)(π||πk)
}

• plug in policy gradient ∇sVµ(πk) = 1
1−γdµ,s(π

k)Qs(π
k)

πk+1 = arg min
π∈∆(A)|S|

{
1

1−γ

∑
s∈S

dµ,s(π
k)
(
ηk
〈
Qs(π

k), πs
〉

+D(πs , π
k
s )
)}

=⇒ πk+1
s = arg min

πS∈∆(A)

{
ηk
〈
Qs(π

k), πs
〉

+ D(πs , π
k
s )
}
, ∀ s ∈ S
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Analysis of PMD I

πk+1
s = arg min

p∈∆(A)

{
ηk
〈
Qs(π

k), p
〉

+ DKL(p, πks )
}
, ∀ s ∈ S

• three-point descent lemma [Chen and Teboulle, 1993]:
if φ convex and

x+ = arg min
u∈C

{
φ(u) + D(u, x)

}
then for any u ∈ C,

φ(x+) + D(x+, x) ≤ φ(u) + D(u, x)− D(u, x+)

• applying to PMD update with φ(·) = ηk〈Qs(π
k), ·〉,

ηk〈Qs(π
k), πk+1

s − p〉+ D(πk+1
s , πks ) ≤ D(p, πks )− D(p, πk+1

s )
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Analysis of PMD II

last inequality on previous slide

〈Qs(π
k), πk+1

s − p〉+ 1
ηk
D(πk+1

s , πks ) ≤ 1
ηk
D(p, πks )− 1

ηk
D(p, πk+1

s )

• Q-descent property: letting p = πks yields

〈Qs(π
k), πk+1

s − πks 〉 ≤ 0, ∀ s ∈ S

• let π = π?s , and subtract and add πks in inner product:

〈Qs(π
k), πk+1

s − πks 〉︸ ︷︷ ︸
a

+〈Qs(π
k), πks − π?s 〉︸ ︷︷ ︸

b

≤ 1
ηk
D(π?s , π

k
s )− 1

ηk
D(π?s , π

k+1
s )

• 1
ηk
D(πk+1

s , πks ) ignored (but was necessary with relative smoothness)
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Analysis of PMD III

taking expectation w.r.t. visitation distribution dρ(π
?)

Es∼dρ(π?)

[
〈Qs(π

k), πk+1
s − πks 〉

]︸ ︷︷ ︸
a

+ Es∼dρ(π?)

[
〈Qs(π

k), πks − π?s 〉
]︸ ︷︷ ︸

b

≤ 1
ηk
Ddρ(π?)(π

?, πk)− 1
ηk
Ddρ(π?)(π

?, πk+1)

• performance difference lemma: b = (1− γ)
(
Vρ(π

k)− Vρ(π
?)
)

• part a:
a =

∑
s∈Sdρ,s(π

?)
〈
Qs(π

k), πk+1
s − πks

〉
=
∑

s∈S
dρ,s(π?)
dρ,s(πk+1)dρ,s(π

k+1)
〈
Qs(π

k), πk+1
s − πks

〉
(Q-descent) ≥

∥∥∥ dρ(π?)
dρ(πk+1)

∥∥∥
∞

∑
s∈S dρ,s(π

k+1)
〈
Qs(π

k), πk+1
s − πks

〉
(PDL) =

∥∥∥ dρ(π?)
dρ(πk+1)

∥∥∥
∞

(1− γ)
(
Vρ(π

k+1)− Vρ(π
k)
)

64



Analysis of PMD IV

let θk+1 =
∥∥∥ dρ(π?)
dρ(πk+1)

∥∥∥
∞

, δk =Vρ(π
k)−Vρ(π?), Dk =Ddρ(π?)(π

?, πk), then

θk+1

(
δk+1 − δk

)
+ δk ≤

1

(1− γ)ηk
Dk −

1

(1− γ)ηk
Dk+1

need to upper bound θk+1

• ρ uniform distribution: ρs = 1/|S| for all s ∈ S

θk+1 ≤
1 + γ|S|

1− γ
• ρ = ρ?: stationary distribution of optimal policy π?

θk+1 ≤ max
s∈S

ρs
(1− γ)ρs

=
1

1− γ
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Convergence rate with ρ?

using θk+1 =
∥∥∥ dρ(π?)
dρ(πk+1)

∥∥∥
∞
≤ 1

1−γ ,

δk+1 +
1

ηk
Dk+1 ≤ γδk +

1

ηk
Dk

• arbitrary constant step size ηk = η

δk ≤
1

k(1− γ)

(
δ0 +

1

η
D0

)
• increasing step size ηk+1 = ηk/γ

δk+1 +
1

γηk+1
Dk+1 ≤ γk

(
δ0 +

1

γη0
D0

)
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Iteration complexity with ρ?

theorem: in order to find π such that Vρ?(π) ≤ V ?
ρ? + ε, number of

iterations of PMD bounded by (assuming π0
s,a = 1/|A| for all s, a)

• with constant step size ηk = η ≥ (1− γ) log |A|
2

(1− γ)2ε

same as Agarwal et al. [2021] (for natural policy gradient)

• with η0 ≥ 1−γ
γ log |A| and ηk+1 = ηk/γ

1

1− γ
log

2

(1− γ) ε

slightly tighter than Lan [2021] (diminishing regularization)
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Convergence rate with uniform ρ

using θk+1 ≤ 1+γ|S|
1−γ ,

(1 + γ|S|)δk+1 ≤ γ(1 + |S|)δk + 1
ηk
Dk − 1

ηk
Dk+1

• constant stepsize ηk = η

δk ≤ 1
k(1−γ)

(
(1 + γ|S|)δ0 + 1

ηD0

)
• increasing stepsize ηk+1 ≥ 1+γ|S|

γ+γ|S|ηk

δk+1 + 1
γ(1+|S|)ηk+1

Dk ≤
(

1− 1−γ
1+γ|S|

)k (
δ0 + 1

γ(1+|S|)η0D0

)
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Iteration complexity with uniform ρ

theorem: in order to find π such that Vρ(π) ≤ V ?
ρ + ε, number of

iterations of PMD bounded by (assuming π0
s,a = 1/|A| for all s, a)

• with constant step size ηk = η ≥ 1−γ
1+γ|S| log |A|

2(1 + γ|S|)
(1− γ)2ε

worse by factor (1 + γ|S|) than [Agarwal et al., 2021]

• with η0 ≥ 1−γ
γ(1+γ|S|) log |A| and ηk+1 ≥ 1+γ|S|

γ+γ|S|ηk

1 + γ|S|
1− γ

log
2

(1− γ) ε

worse by factor (1 + γ|S|) than for complexity with ρ?
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Superlinear convergence I
rewrite the “master inequality” as

δk+1 + Dk+1

θk+1(1−γ)ηk
≤
(

1− 1
θk+1

)(
δk + Dk

(θk+1−1)(1−γ)ηk

)
increasing stepisze: if ηk ≥ θk

θk+1−1ηk−1, then

δk+1 + Dk+1

θk+1(1−γ)ηk
≤
(

1− 1
θk+1

)(
δk + Dk

θk(1−γ)ηk−1

)
≤
∏k

i=0

(
1− 1

θi+1

)(
δ0 + D0

θ0(1−γ)η−1

)
therefore, θk → 1 implies superlinear convergence

• if Dk = Ddρ(π?)(π
?, πk)→ 0, then πk → π?, thus

∥∥∥dρ(π?)
dρ(πk)

∥∥∥
∞
→ 1

• but it may not hold even though Dk

θk(1−γ)ηk−1
→ 0, since ηk →∞
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Superlinear convergence II

sufficient conditions for θk =
∥∥∥dρ(π?)
dρ(πk)

∥∥∥
∞
→ 1

• convergence of P(πk) (cf. [Puterman, 2005, Corollary 6.4.10]

lim
k→∞

∥∥P(πk)− P(π?)
∥∥ = 0

because dρ(π) =
(
I − γP(π)

)−T
ρ

• there exists 0 < C <∞ such that for all k = 1, 2, . . .∥∥P(πk)− P(π?)
∥∥ ≤ C

(
Vρ(π

k)− V ?
ρ

)
then quadratic convergence (cf. [Puterman, 2005, Theorem 6.4.8])

these conditions may not hold even if Vρ(π
k)→ V ?

ρ at fast rate
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Outline

• discounted finite Markov decision process (MDP)

• (exact) policy gradient methods:

– policy gradient method with softmax parametrization
(non-uniform P L and smoothness, linear convergence)

– projected policy gradient method
(gradient mapping domination and O(1/k) rate)

– natural policy gradient (mirror descent)
(O(1/k) rate and linear convergence)

– projected Q-descent method (new)

• summary (insights on linear convergence)
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Projected Q-descent (PQD)

• probability weighted divergence: for arbitrary ρ ∈ ∆(S)

Dρ(π, π
′) = E

s∼ρ

[
1
2‖πs − π

′
s‖2

2

]
=
∑
s∈S

ρs · 1
2‖πs − π

′
s‖2

2 ≤ 1

• mirror descent method

πk+1 = arg min
π∈∆(A)|S|

{
ηk
〈
∇Vµ(πk), π

〉
+ 1

1−γDdµ(πk)(π, π
k)
}

= arg min
π∈∆(A)|S|

{
1

1−γ

∑
s∈S

dµ,s(π
k)
(
ηk
〈
Qs(π

k), πs
〉

+ 1
2‖πs − π

k
s ‖2

2

)}
= Proj∆(A)|S|

(
πk − ηkQ(πk)

)
• equivalent to separate projections for each state

πk+1
s = Proj∆(A)

(
πks − ηkQs(π

k)
)
, s ∈ S
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Convergence of PQD

projected Q-descent:

πk+1
s = Proj∆(A)

(
πks − ηkQs(π

k)
)
, s ∈ S

from analysis of general mirror descent:

• constant step size ηk = η

δk ≤ 1
k(1−γ)

(
δ0 + 1

ηDρ?(π
?, π0)

)
≤ 1

k(1−γ)

(
1

1−γ + 1
η

)
• increasing step size ηk+1 = ηk/γ

δk+ 1
γηk

Dρ?(π
?, πk) ≤ γk

(
δ0 + 1

γη0
Dρ?(π

?, π0)
)
≤ γk

(
1

1−γ + 1
γη0

)
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Iteration complexity of PQD

theorem in order to find πk such that Vρ?(π
k) ≤ V ?

ρ? + ε, number
of iterations of PQD bounded by

• with constant step size ηk = η ≥ (1− γ)

2

(1− γ)2ε

• with η0 ≥ 1−γ
γ and ηk+1 = ηk/γ

1

1− γ
log

2

(1− γ) ε

(new) dimension-independent iteration complexity, same as NPG!
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Outline

• discounted finite Markov decision process (MDP)

• (exact) policy gradient methods:

– policy gradient method with softmax parametrization
(non-uniform P L and smoothness, linear convergence)

– projected policy gradient method
(gradient mapping domination and O(1/k) rate)

– natural policy gradient (mirror descent)
(O(1/k) rate and linear convergence)

– projected Q-descent method (new)

• summary (insights on linear convergence)
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Hint of structure
policy gradient

∂Vs(π)

∂πs ′
=

1

1− γ
ds,s ′(π)Qs ′(π)

• recall performance difference lemma:

Vs(π)− Vs(π̃) =
1

1− γ
∑
s ′

ds,s ′(π) 〈Qs ′(π̃), πs ′ − π̃s ′〉

• looks like a linear function!

f (x)− f (y) = 〈∇f (y), x − y〉
not really; but has both convex- and concave-like properties

– gradient (mapping) dominance ensures global optimality
– descent property does not depends on stepsize
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Quasi-convexity and quasi-concavity
• for any π ∈ ∆(A)|S| define λ ∈ R

|S|×|A|
+ as

λs,a =
∑
s ′∈S

ρs ′
∞∑
t=0

γt
π

Pr (st = s, at = a|s0 = s ′)

– λ feasible for dual linear program (e.g., [Puterman, 2005])

– πs,a =
λs,a∑

a′∈A λs,a′
and Vρ(π) = 〈r , λ〉 =

∑
s∈S,a∈A rs,aλs,a

• proof of quasi-convexity: for any c ≥ 0,{
π ∈ ∆(A)|S| | Vρ(π) ≤ c

}
is image under linear fractional transform of{

λ ∈ R
|S|×|A|
+

∣∣ λ feasible to dual LP and 〈r , λ〉 ≤ c
}

(see, e.g., [Boyd and Vandenberghe, 2004, Section 2.3.3])
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Connection with policy iteration

• policy iteration

πk+1
s = arg min

a∈A
Qs,a(πk) = arg min

p ∈∆(A)

〈
Qs(π

k), p
〉
, ∀ s ∈ S

• natural policy gradient (exponentiated Q-descent)

πk+1
s = arg min

p∈∆(A)

{
ηk
〈
Qs(π

k), p
〉

+ DKL(p, πks )
}
, ∀ s ∈ S

• projected Q-descent

πk+1
s = arg min

p∈∆(A)

{
ηk
〈
Qs(π

k), p
〉

+ 1
2‖p − π

k
s ‖2

2

}
, ∀ s ∈ S

NPG and PQD equivalent to policy iteration as ηk →∞
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Comparison of convergence rates
• policy iteration

‖V (πk)− V ?‖∞ ≤ γk‖V (π0)− V ?‖∞ ≤ γk

1−γ

• natural policy gradient with ηk+1 = ηk/γ

Vρ?(π
k)− V ?

ρ? ≤ γk
(
Vρ?(π

0)− V ?
ρ? + 1

γη0
Es∼ρ?

[
DKL(π?s , π

0
s )
])

≤ γk
(

1
1−γ + 1

γη0
log |A|

)
• projected Q-descent with ηk+1 = ηk/γ

Vρ?(π
k)− V ?

ρ? ≤ γk
(
Vρ?(π

0)− V ?
ρ? + 1

γη0
Es∼ρ?

[
1
2

∥∥π?s − π0
s

∥∥2

2

])
≤ γk

(
1

1−γ + 1
γη0

)
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Insights from [Bhandari and Russo, 2020]

• define π̂k+1 as function of stepsize η > 0:

π̂k+1(η) := arg min
π∈∆(A)|S|

{
η
〈
Q(πk), π

〉
+ D(π, πk)

}
notice that π̂k+1(η)→ πk+1

PI as η →∞

• exact line search

πk+1 = π̂k+1(η?), η? = arg inf
η∈(0,∞]

Vρ
(
π̂k+1(η)

)
then Vρ

(
πk+1

)
≤ Vρ

(
πk+1

PI

)
, known to converge linearly

81



Insights from [Bhandari and Russo, 2020]

• in fact only need ηk to satisfy

Vρ(π
k)− Vρ

(
π̂k+1(ηk)

)
≤ 1

2

(
Vρ(π

k)− infη Vρ
(
π̂k+1(η)

))
and can replace 1

2 by any fixed factor less than 1

• Frank-Wolfe (Conservative PI of [Kakade and Langford, 2002])

πk+1 = (1− α)πk + απk+1
PI πk+1

PI = arg min
π∈∆(A)|S|

〈
Q(πk), π

〉
linear convergence

‖V (πk)− V ?‖∞ ≤
(
1− α(1− γ)

)k‖V (π0)− V ?‖∞

this tutorial: linear convergence with stepsizes ηk+1 = ηk/γ
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Role of regularization

work with regularized cost function:

min
π∈∆(A)|S|

Vρ(π) + τ E
s∼ρ

[hs(πs)]

where hs convex or strongly convex
recent work: [Cen et al., 2020], [Lan, 2021], [Zhan et al., 2021], . . .

simple take-aways:

• not necessary for linear convergence; increasing stepsizes suffice
(see also [Mei et al., 2021, Lan, 2021, Khodadadian et al., 2021])

• but can improve the rate of convergence (regularized objective)

• good for approximate and stochastic policy gradient methods?
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Summary I

• policy gradient methods

– policy gradient with softmax parametrization
– projected policy gradient method
– natural policy gradient (mirror descent)
– projected Q-descent method

• convergence to global optimality despite nonconvexity

– constant stepsize: O(1/k) sublinear convergence
– increasing stepsize: O(γk) linear convergence

• interesting optimization theory

– unconstrained: gradient domination, nonuniform smoothness
– constrained: gradient mapping domination
– mirror descent: preconditioning with weighted divergence
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Summary II

structure of discounted-reward finite MDP

• generalized monotonicity ([Liu et al., 2019, Lan, 2021])
(same as gradient domination? both due to PDL)

• Q-descent property, independent of stepsize

• work with Q-functions rather than gradient (preconditioning)

extensions

• stochastic policy gradient methods and their sample complexities
([Shani et al., 2020], [Lan, 2021], . . . )

• function approximations, their optimality and efficiency

• . . .
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