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Al, machine learning, and optimization

e optimization: fundamental tool for Al and machine learning
¢ importance of structure

— develop new algorithms and theory
(simplex, IPM, mirror-descent, variance reduction, ... )

— extend scope of fundamental algorithms and theory
(also provide more insight of problem structure)
e this tutorial: policy gradient methods
— among most effective methods for reinforcement learning
— involve a variety of optimization algorithms and theory

focus: tabular setting, simple and unified convergence analysis



Outline

¢ discounted finite Markov decision process (MDP)

e (exact) policy gradient methods:

— policy gradient method with softmax parametrization
(non-uniform PL and smoothness, linear convergence)

— projected policy gradient method
(gradient mapping domination and O(1/k) rate)

— natural policy gradient (NPG), mirror descent
(O(1/k) rate and linear convergence)

— projected Q-descent method (new)

e summary (insights on linear convergence)



Preview of results

basic conclusions

® convergence to global optimum despite nonconvexity

e constant stepsize: O(1/k) sublinear convergence

® increasing stepsize: linear convergence

true for different classes of (exact) policy gradient methods

several new results

® O(1/k) rate of projected policy gradient method

® simple analysis of linear convergence of NPG (mirror-descent)
e projected Q-descent method and its fast convergence

(please cite upcoming paper or this talk)



Markov decision process (MDP)

discounted finite MDP: M = (S, A, P, r,~)
e S: finite state space
e A: finite action space
e P:S x A— A(S): probability transition function
— P(s'|s, a): probability of transition to s’ from s after action a

— P(:|s,a) € A(S): distribution of state after action a in state s
® r:S x A— R: reward function

v € (0,1): discount factor for reward (usually close to 1)

powerful model with many applications in OR and RL



A simple example

whether to fish salmons this year:
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(image credit: Somnath Banerjee [Banerjee, 2021])

e state space (salmon population): & = {empty, low, medium, high}
e action space: A = {fish, not to fish, re-breed}
® transition probabilities and rewards labeled in graph



Policy

stationary policy: m € A(A)'S! (independent of time t)
e 7(als): probability of taking action a in state s
e deterministic policy: m(-|s) =1 for some @’ € A and 0 for a # &’

- Fe+1 .
environment S >
P(-[st, at) al
action a; state s; reward r;
agent
m(:|st)

notation: will also use 7 , for m(a|s) and 7, € A(A) for 7(+|s)



Value function

e value function: foreachs € S

Vilr) = [Zv (5,20

at’\‘ﬂ' |St
St+1NP( |St,at

So—S]

e vectored value function, V() = [V,(7)]ses € RIS, satisfies

) = Z’ytP(w)tR T

t=0
P(m) and R(7) linear functions of 7

— P(r) € RISXISI where P o () = > ,c 4 7s.a Ps.s(a)
— R(m) € RISl where R,(7) = Y s Tsals,a = (Ts, Is)



Policy evaluation

® vectored value function
V() = > e=o 7' P(m)"R(n)
= R(m) + yP(7)R(7) + v*P(7)*R(m) + - - -
= R(7) + vP(7) (R(7) + vP(m)R(7) + v*P(m)*R(7) + - - )
= R(m) + AP(m)V(m)
e unique solution of linear equations (cost |S|’ solving directly)
V = R(r) +~vP(m)V
® closed-form expression:
-1
V(r) = (I —yP(r)) "R(m)
well defined since 0 < v < 1 and P(7) row stochastic



Optimality
optimal values (maximizing discounted total reward)

Vi= sup Vi(nm), VseS
TeA(A)IS]
optimal policy
7 = arg max Vy(7), VseS
reA(A)ISI
exist stationary policy optimal for all s (e.g., [Puterman, 2005])

optimality equation (Bellman equation)

Vs = sup {r57a+/\ZP575/(a)V5/}, Vse S
acAA ses

or in vector form: V' = sup,ca(aysi{R(7) + AP(m)V}



Algorithms

dynamic programming (DP)

— value iteration

— policy iteration

— TD learning, Q-learning, ...

linear programming

(stochastic) policy gradient methods

— REINFORCE, NPG, TRPO, actor-critic, ...

direct policy optimization
— evolution strategies, ...
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Policy gradient methods

e expected value function: for any p € A(S)
Vi(m) i= E [Ve(m)] = Yacs V() = (V). )
® minimizing discounted total cost

min V(7 cost =1 —reward € |0, 1
_min V() ( 0.1)
e focus of tutorial: methods with exact gradient oracle

— policy gradient with soft-max parametrization
— projected policy gradient method
— natural policy gradient (mirror descent)

impractical, but foundational for stochastic methods
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Structure of value function

e V,(m) non-convex in general

V() = pT (I =P(m)) " R(n)
for a concrete example, see, e.g., [Agarwal et al., 2021]

® nonconvexity seems superficial

— admits linear programming formulation
— scalar case: linear fractional function
T
a'x+b
f(x) =——— with ¢'x+d>0
( ) CTX+d
quasi-convex and quasi-concave

— policy gradient methods converge to global optima
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State-action value function

e definition

Qs () == E [Z vir(se, at)
)

So =S, dp = a]
st+alt~ I;T(( \E:,)at t=0
alternative definition:
Qs.a(m) = r(s,a) + Z P(s'|s, a) Vs ()
s'eS

e useful relations (for all s € S):

V5(7T) — a~E7r [Qs,a(ﬂ)] - Zﬂs,aQs,a(ﬂ_) — <Qs(7r)7 7Ts>
: acA

notations: moving s, a as subscripts, emphasizing function of =
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Advantage function

¢ definition
Aso(m) = Qs a(m) — Vi(m)
e useful relation (for all s € S):
aEﬂs[A&a(W)] = Zﬂs,aA&a(W) = (As(m), ms) =0
acA
proof:
(As(m), ms) = (Qs(m) — Vi(m)1, 75)

= <Q5(7T),7T5> — V5(7r)<1,7rs>
= Vi(7) — Vi(7)
=0
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Discounted state visitation probability

e definition

deo(m) :=(1—=7)> ' Pri(ss=5|5 =5)
t=0

= (1-9) [(’ - VP(”))_I}

® properties
— > o dss(m) =1, therefore ds(7) € A(S) for all s and 7
— diagonals ds s(7) > 1 — 7 (because Pr(sy =s|sp=5) = 1)
— ds(m) € A(S): visitation distribution when starting at s

e expected state-visitation probability

dys () == SEM [ds.s(m)] = Z fisds s ()

seS
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Distribution mismatch coefficients

policy gradient methods often involve two distributions:
— p € A(S): used in V() for performance evaluation
— € A(S): initial state distribution to evaluate VV,,(7)

distribution mismatch coefficient
dp(”) ‘— max dp,s(ﬂ)
G| T 5, ()
since d, () > (1 — 7)us, for all 7' € A(A)
| dp(”) 1 |dp(77)
d/‘(ﬂ-/) 00 N 1 -7 lu 0

assumption: s >0 forallse S
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Policy gradient

policy gradients are weighted Q-functions

O V() 1
= ds s’ s’a'
e = T ()@ ()
policy gradient of expected value function
oV,(m) 1
= d s/ s’ g
871-5/73/ 1 _,y M, (Tr)Q ) (77)
policy gradient with respect to 7
aV,(m) 1
= d s s
e WX
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Derivation of policy gradient
define e. € RIS! with ess = 1 if s =s" and 0 otherwise
e value function: Vi(m) =e] V(r) =¢e] (I - ”YP(W))_lR(’]T)
e visitation probability: ds ¢ (m) = (1 —7)e] (I — vP(W))_lesx

: : - e : X1 y—10X y—1
policy gradient: using matrix calculus “%5— = — X" X

OVi(m) _ eI (1 = yP(m)) " <8R(7r) N 7aP(7r) = yp(ﬂ))—lR(w)>

877—5/73/ 87‘('5/73/ 7'('5/73/
T -1 /
= &l (1= 1P(m)) "es(roq + 1Pe: () V(7))

ds,s’(ﬂ_) Qs’,a’(ﬂ_)

1—v
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Performance difference lemma

e original form [Kakade and Langford, 2002]
1
V57T—V577' —— E E A5/7a/77'
()= ViR) = 7o B E[Ans(F)
(RHS: expectation of Ay »(7) w.r.t. distribution induced by )

e yseful variant:

Vs(m) — Vs(7) = E s'NEd;r (Qo(7), ms — Ttsr)
equivalence: a/~7rE(-|s’) [As’,a’(ﬁ)] - <As’(7?)a 7Ts’>
— (Qu(F) — Va1, 70)
= (Qu(7), 1) — Ve (F)
= (Qu(), 7y — )
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Proof of performance difference lemma

V() — Vs(7)

(Qs(), 7s) — (Qu(#), s)

(Qs(7),ms — s) + (Qs(m) — Qs(T), s)

(QolF). e — ) + 7Y Msa »_ Pao(a)(Ve(r) — V(7))

seS s'eS

let u € Rl such that u, = <QS(7”T),7TS — 7"r5>, then
V(r) = V(%) = u+~yP(m)(V(r) — V(T))

therefore V(m) — V(&) = (I — fyP(w))_lu, written component-wise:

V() — Vi(7) = ﬁ S ds o (1) Qu(7), s — )

s'eS
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Outline

e discounted finite Markov decision process (MDP)

e (exact) policy gradient methods:

— policy gradient method with softmax parametrization
(non-uniform PL and smoothness, linear convergence)

— projected policy gradient method
(gradient mapping domination and O(1/k) rate)

— natural policy gradient (mirror descent)
(O(1/k) rate and linear convergence)

— projected Q-descent method (new)

e summary (insights on linear convergence)
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Parametrizations of policy

e direct parametrization
— treat 7, , as variables in RIS/ A]
— need explicit constraints: 75 € A(A) forall s € S
— complete policy class (contains optimal policy)

e softmax parametrization:

P ()
| 2 &xp(fs.2(0))

— softmax tabular policy class: £ ,(6) = 0, and 6 € RISI*A
— log-linear policy class: f; ,(0) = (0, ¢s.,) and 6 € RP

— neural policy class: f; ,(6) = network(6, ¢s ) and 6 € RP

last two classes may be incomplete (usually p<|S||.A|)
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Policy gradient theorem

define Js(6) = V(7 (6)), then [Sutton et al., 2000]:

VJi(0) = —sts, 7(0)) Y Qo (m(0)) Ve 2(0)
sES aecA
e direct parametrization: % _Jls=s a=4d therefore
P " Omgy | O otherwise '
OVs(m) 1
= ds s’ s’
G = T e (7)Qes ()
e softmax tabular parametrization [Agarwal et al., 2021]
0Js(0) 1
= dS s/ 9 s'.a 6 AS/ a’ 0
S = T e (MO (VA ((6)
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Softmax policy gradient descent

unconstrained optimization

min  {J,(0) :== V,(7(0))}

AeRISIx|A]

policy gradient descent
Hk—|—l — ek . 77kaM(ek)

® softmax tabular parametrization: 7 ,(6) = %

® objective defined with p € A(S)
e gradient computed with ;1 € A(S):
0J4,(0) 1

99,, 1 = s ((0)).2(0) Asa(n(9))
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Convergence rate

Recall assumption of sufficient exploration: ;s > 0 foralls € S

 [Mei et al., 2020]: with constant stepsize nx =n = (1 —v)3/8

k * S|
J(0) =I5 =0 <m>
e [Mei et al., 2021]: normalized policy gradient descent

k1 _ gk .. V(09
O = 0" — s

geometric convergence:
J(0 Y —-J=0 (ﬁ exp(—Ck))

du (™)

I

. and |44

constants in O(-) depend on ﬁ || 0
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Smooth nonconvex optimization

rgi?n f(x) with gradient descent x**1 = xk — 1, Vf(x¥)
X n

e smoothness: |Vf(x)—Vf(y)|2 < L||x—yl|2, which implies
L
y) < FO) + (V7,7 =) + 5 ly =
e descent property: with stepsize ny = 1/L,

) — () 2 ST B

2L(f(x%) — %)
2

<

® convergence rate: g}(|<nK IVF(x9)|5 < K1
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Convergence to global optimum

e gradient dominance (Polyak-tojasiewicz condition)
1 *
SIVFIE 2 w(f(x) — )

— satisfied by strong convexity with convexity parameter p
— nonconvex f: guarantees convergence to global optimum

¢ linear convergence to global optimum:
1 [
k k+1 ky |12 k *
F(x) = () = IVAIB = 2 (A - 1)

— F) - < (1-5) (F - )

— f < (1-0) RO - )

27



Convergence to global optimum

e weak gradient dominance (weak tojasiewicz condition)

IVF(ll2 > V20 (f(x) - )

® combined with smooth descent property:

A — A7) = S VAAIE > Y () — )’

L

O(1/k) convergence to global optimum:

k * f(XO)_f*
) = S Tk w0y — )

28



Proof of O(1/k) convergence
let 0 = f(x¥) — f*, then
Ok — Okq1 > %(ﬁ
dividing both sides by 00,1 and using dx > dxi1:

Ok+1 Ok — Ldgs1 — L

1 L opok _p

telescoping sum over iterations 0,1, ..., k — 1:
1 1 (4 1
—— —>k-= — O < ———M—
o 0o L k= %4_ k -

(cf. [Nesterov, 2004, Theorem 2.1.14])



Linear convergence under weak PL
e weak gradient dominance + smoothness:
FO¢) = F(1) > A VAR > £(F() — F)’
® non-uniform smoothness [Mei et al., 2021]
f(y) < £(x) +(VF(x).y = x) + Flly = xII3

— if L < B(F(x*) = £*) or Ly < B||VF(x*)

|2, then with n, = Lik’
f(xK) — F(x**1) > %(f(xk) — f*)

- k
— linear convergence: f(x*) — f* < (1— %) (F(x°) — )
— effectively, stepsize 1, = Lik increases geometrically
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Application: softmax policy gradient descent
minimize J,(0) = V,(7(0)):

Ot = gk — v, (6%)
e (weak) gradient dominance [Mei et al., 2020]
IVJ(0)]l2 = e (4,(0) = J;)
= O(1/k) convergence rate with constant stepsize
® non-uniform smoothness [Mei et al., 2021]
Ly(0) < [ VIu(0)]2

= linear convergence with increasing stepsize, or normalized PG

k+1 _ pk .. V(0
O = 0% = 195, )



Key for linear convergence

e (weak) Pt condition (gradient dominance)
— linear quadratic regulators (LQR): [Fazel et al., 2018]

— finite MDP: [Bhandari and Russo, 2019] [Agarwal et al., 2021]
— can be derived from performance difference lemma (PDL)

¢ non-uniform (gradient dominated) smoothness
— structure of softmax tabular parametrization

~exp(bs,)
775,3(0) - Za’ exp(@sﬁ/)

— ||6¥|| — oo, converging to extremely flat landscape

— can use increasing stepsize or normalized gradient method
(examples with different exponents given in [Mei et al., 2021])
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Interpretation through Polyak stepsize |

unconstrained optimization
XKL = Xk, VF(xF)
Polyak step size: F(xk) — £+
Tk = T/ 7 ok\I2
IVF(x¥)I?
two ways to derive

e from subgradient convergence analysis (assuming convexity of f)
e Newton-Raphson perspective [Gower et al., 2021]

f(x*) + <Vf(xk), X — xk> = f*

— heavily under-determined linear system

— minimizing ||x — x*||? with linear constraint gives Polyak stepsize
33



Interpretation through Polyak stepsize |l

Polyak step size:

F(x) — £
Xkl = xk - 227 f(xk
vreAR Y )

not practical if f* unknown, but has important implications:
e strong PL condition: ||[Vf(x)||? > u(f(x) — f*)

1
XK = xk —n VF(x¥) with 7~ —
v

e weak PL condition: ||[Vf(x)| > 1/(f(x) — f*)
k+1 k VF(x¥)

1
X = X — —_— Wlth ~ —
TIVFER] T
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Outline

e discounted finite Markov decision process (MDP)

e (exact) policy gradient methods:

— policy gradient method with softmax parametrization
(non-uniform P]L and smoothness, linear convergence)

— projected policy gradient method
(gradient mapping domination and O(1/k) rate)

— natural policy gradient (mirror descent)
(O(1/k) rate and linear convergence)

— projected Q-descent method (new)

e summary (insights on linear convergence)
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Projected policy gradient method

constrained optimization with direct parametrization

werAn(i,[t])ISI Volm) — Vilo) = </)* (/- 7'D(7T)>1R(W)>

projected policy gradient method
7Tk+1 = ProjA(A)m (7Tk — T]kv \/ll(ﬂk))
projection can be done for each s separately

T = Proja gy (78 — Vs V(7)) ses
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Convergence rate of PPG
O(1/vK) convergence to global optimum [Agarwal et al., 2021]

« d,(r) ||
OE}(IQK{V -V } VK= || 1
— smoothness: |V V() — VVi(7)]], < 27'“4'3 T — ||,

— variational gradient dominance condition

dp(ﬁ*)
1

max (VV,(7), 7' — )

V(1) — V* < L
() p—= 1= 0o weAAS]

® new analysis as proximal gradient method

— gradient-mapping dominance condition
— O(1/k) convergence with constant stepsize
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Composite nonconvex optimization

minimize {F(x) := f(x) + V(x)}

x€R"

e f smooth: ||Vf(x) — Vf(y)|l. < L¢|[x — y||, which implies

7(5) ~ ()~ (VF(x).y —x)] < Sy I

e V: closed convex function, can be nonsmooth
— nonsmooth regularization, such as W(x) = A||x||;
— indicator function: W(x) =0 if x € C and +o0 otherwise

® in context of projected policy gradient method
— f: expected value function V,(+)

— W indicator function of convex set A(A)/S!



Proximal gradient method
e proximal mapping of ¥

proxy(x) = argmin {W(y) + 3|y — x|13}
y

~Il=

e proximal gradient method with constant step size n =
XK = arg min {{VF(x¥), x — x) + 5||x — x¥||2 + W(x)}
= proxuy (x* — 1VF(x"))
¢ Gradient mapping
G(xK) =1L (xk — Proxiy (x* — —Vf(xk)))
therefore x*™ = x* — 2G/(x*) (if ¥ =0, then G,(x) = Vf(x))
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Analysis of proximal gradient method

convergence rate:
. k o 1
min {6, = 0 ()

® progress of each iteration (e.g., [Beck, 2017, Section 10.3])
F(x) = FOe1) = gl et
e sumover k=0,1,... K—1
K 2
F(x%) = F(x"*) = 51 ko || GL(xM)| 3
e therefore

minocser || GO |2 < 240

40



Convergence to global optimum

e gradient mapping domination

1 *
5 HGL(X)H§ > p(F(x") = F7)
where x* = x — —GL( ) = proxuy (x — 1 VF(x))
¢ linear convergence to global optimum

FO) = FOAY) > =62 >

~=

> 5
— (1+5) (F*) = F) < Py = F

— F(Xk+1) _ F* < (1 + %)_(k—H) (F(XO) . F*)

(F(Xk—i—l) _

F)
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Relation to KL or proximal-PL

e Kurdyka-tojasiewicz (KLt) with exponent 1/2

min_ Hs|P > ji(F(x)  F)

e proximal Pt (equivalent to Kt) [Karimi et al., 2016]
2PL(x) = u(F(x) = F7)
Pi(x) := —2Lmin, {{Vf(x),y —x) + 5lly = x[3+ V(y) — ¥(x)}
e gradient mapping domination
IG5 = n(F(x™) = F)

interlacing relations:

HIPLOIB 2 316 00E = u(FG) — F) 2 p(F(x) = F*)
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Convergence to global optimum

e weak gradient mapping domination

1GL() 2 = v2u(F(x*) — F)

e combined with proximal gradient descent property:

FO) — FOE) 2 oGl > B(FGE) - )2

e O(1/k) convergence to global optimum:

P < mox{ T (\@} (Fe)=F)
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Proof of O(1/k) convergence |

let 0, = F(x¥) — F*, then
Ok — Ok1 > %5/%+1

dividing both sides by dx0x1
1 1 S H5k+1

Okt1 Ok L ok

telescoping sum over iterations 0,1, ...,k — 1:
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Proof of O(1/k) convergence |l

for any two constant r, c € (0, 1), define

n(k, r) := number of times ’*1 >rfor0<i<k-—1

e if n(k,r) > ck, then ﬂ > r at least [ck] times, thus

l——>Mer — 5k§11 :O

Ok %+%rck

/N
x|
N—"

e if n(k,r) < ck, then 5’5—*},1 < r at least [(1—c)k] times

O < Sor—9k = ¢, (rl_c)k

combining two cases:

- 1 1-c\k
0k < min max{—1+‘Z50rck’ (r )}60

O<r,c<1
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Linear convergence under weak KL?

¢ weak gradient dominance + smoothness:
FOXF) = F(xXY) > gHlIGL (B > f(F(x ) — F7)°
® non-uniform smoothness (extending [Mei et al., 2021])?
f(y) < F(x) + (V(x),y = x) + Flly = xl3
if L < B(F(x**1) = F*) or Lk < B']| G, (x¥) |2, then
F(x¥) — F(x*1) > %(F(Xk—H) _ ,_—*>

— does not work with compact feasible set
— will revisit as special case of mirror descent
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Application: projected policy gradient method
® composite nonconvecx optimization formulation

min {F(r) = V,(r)+ V(x)}

mERISIA|

— : smooth with Lipschitz constant 27_'“4'3 Agarwal et al., 2021
P (1-7)

— W: indicator of convex set A(A)!

® projected policy gradient method
el = Pprox, (7% =V V,(79)) = 78 = Gy (%)
[Agarwal et al., 2021]: O(1/v'k) convergence rate

e new O(1/k) convergence rate
— smoothness + (weak) gradient mapping domination
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Gradient mapping domination

e variational gradient domination [Agarwal et al., 2021, Lemma 4]

dp(7*)

V() = Vy(n7) < £ ||

’ max <VV — 7T'>

o0 ’/TEA |S‘

® [Nesterov, 2013, Theorem 1]: if 77 = 7 — Gy, (), then

we?aj()lsl (VVu(r "), a7 —a') < (1+Ln)- HGl/n(W)Hz |t - 7T/H2

(holds for min, f(x) + W(x) where f smooth and W convex)
e using 7 = 1/L and noticing H7T+ — 7l <V2foralls €S,

W/Grz(ajt()m <V\/ (ﬂ- 7T> < 2y 2|S HGl/U )H2
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Improved convergence rate

e (weak) gradient mapping domination:

dp(ﬂ*)

2,/2|S]
Vy(n) = Vy(x*) < c

| l6umll,

(recall general form || G.(x)|2 > v2u(F(xT) — F*))
® O(1/k) convergence rate according to previous analysis

e iteration complexity for V,(7) — Vy < e

d,(7) 2 , 3log (11’)/)6}

L

{1283|A|
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Outline

e discounted finite Markov decision process (MDP)

e (exact) policy gradient methods:

— policy gradient method with softmax parametrization
(non-uniform PL and smoothness, linear convergence)

— projected policy gradient method
(gradient mapping domination and O(1/k) rate)

— natural policy gradient (mirror descent)
(O(1/k) rate and linear convergence)

— projected Q-descent method (new)

e summary (insights on linear convergence)
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Natural policy gradient (NPG) method
e recall problem definition

5(0) = Vy(x(0))

e Fisher information matrix (induced by 7)

.
FO=_E. E, [v log 5.2(0) (V log 5 (0)) }

e preconditioned policy gradient method
0K = 0" + nF,(04) "1V J,(0)

[Kakade, 2001]
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NPG with softmax parametrization

e softmax parametrization: 7 : RISXMI — A(A)]

exp(0s.,)
moal0) = ’
Za’GA exp(@sva/)
e NPG update (e.g., [Agarwal et al., 2021])

k+1 _ gk 7 k
0" =40 1_7A(7r(9 )

e corresponding policy update

exp(—nQ&a(W(ek))/(l -7))

7TS,a(HkH) = 7TS,a(ek) Z,(6%)

Z,(0%): normalization factor such that >_,_ , ms ,(6%1) =1
52



Equivalent mirror descent update

using direct parametrization:

mt = argmin {(Qu(7), p) + Dia(pllh) }, Vse S
pEA(A)

where k; denotes Kullback-Leibler divergence:

Drc(pllq) = _ ps Iog—
acA

convergence to global optima (without regularization)

[Shani et al., 2020]: O(1/vk) convergence rate

[Agarwal et al., 2021]: O(1/k) rate

[Lan, 2021]: O(1/k) rate and linear convergence

[Khodadadian et al., 2021]: linear convergence (adaptive stepsize)

53



Mirror descent method

® convex optimization problem

minimize f(x)
xeC

e Bregman divergence of reference function h (strictly convex)

Di(x,y) := h(x) = h(y) = (Vf(y)x —y)
e mirror descent (proximal gradient form)
x**1 = arg min {nk<Vf(xk),x> + D(x,xk)}
xeC
— originally due to [Nemirovski and Yudin, 1983]

— proximal (sub-)gradient form [Beck and Teboulle, 2003]
— O(1/Vk) convergence rate in general convex setting
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Examples of mirror descent method

S arg min {nk<Vf(xk), x) + D(x, xk)}

xeC

e Euclidean geometry: h = 1||x||3 and D(x,y) = %|Ix — y/|13

x**1 = arg min {nk<Vf(Xk),x> + % Hx — XkHz}
xeC
= Proj; (x* — mVF(x))
e simplex: C=A, h=>_,x;logx; and D(x,y) = Dk (x]||y)

e &P Vif (X))
' Z(x¥)

I
where Z(x¥) is normalization factor such that x**! ¢ A
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Relative smoothness and strong convexity
question: can we have faster rate than O(1/v/'k) if f smooth?
¢ relative smoothness with parameter 3

f(x) < fy) +(Vf(y),x —y) + BD(x,y)
equivalently
Df(X?y) < BDh(X7y)
¢ relative strong convexity with parameter «
Df(x7y) Z OéDh(X,y)

e relatively smooth and strongly convex (a < )

a Dp(x,y) < De(x,y) < B Du(x,y)
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Mirror descent: faster convergence rate
® convex optimization problem

minimize f(x)
xeC

assumption: f relatively smooth with respect to h

® mirror descent

x**1 = arg min {nk<Vf(xk),X> + D(X,Xk)}

xeC

— O(1/k) convergence rate [Birnbaum et al., 2011]
— independent recent works:

[Bauschke et al., 2017], [Lu et al., 2018], [Zhou et al., 2019]
— linear rate under relative strong convexity [Lu et al., 2018]
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Analysis of mirror descent |

® three-point descent lemma [Chen and Teboulle, 1993]:
if ¢ convex and

xt = argmin{¢(u) + Dy(u,x)}
ueC
then for any u € C,

A(xT) + Diu(x™, x) < ¢(u) + Dp(u, x) — Dp(u, x™)
e applying to MD update with ¢(-) = n(VF(x¥),-)

(VF(x5), x* 1 —u) + nith(ka,xk) < n—lth(u,xk)—%Dh(u,ka)

~~
a

® let u= x*and 7 < % then a > f(x**1)—f(x¥) by relative smooth

descent property: f(x*t1) — f(x¥) < _n_lth(Xk7Xk+1) <0
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Analysis of mirror descent Il
by subtracting and adding (Vf(x¥), x),

1
(VF(xK), x*T1 — XKy 4 ZDy(x* T, x5) 4+ (VF(x¥), x* — u)
N - Tk , Y
1 k 1 k+1
< _Dh(u7X )_ —Dh(U,X )
Tk Tk

e relative smoothness (7, < 3): a > f(x**!) — f(x¥)
e (relative strong) convexity: b > f(x*) — f(u) + aDpy(u, x*)

combining together,

F(x*) — f(u) < (n_lk — Oé) Dp(u, x*) — %Dh(ujxﬂl)
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Analysis of mirror descent Il|

using constant step size n, = 1/0:
F(x*T1) — f(u) < (8 — @) Da(u, x*) — BDp(u, x*)
rate of convergence: [Lu et al., 2018]

e if « > 0, then linear convergence
F(x¥) — f(u) < (1 - %)th(u,xo)
e if o =0, then sublinear convergence
f(x¥) — f(u) < %Dh(u,xo)
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Policy mirror descent (PMD)
® expected divergence: for arbitrary p € A(S)

Dy(mlln") = sEp[D(WsHWé)} == D_ses PsD(s][m5)

® mirror descent with weighted divergence

71 = argmin {nk<V (7r ), 7r> + = Dd o (|| )}
TeA(A)IS]

e plug in policy gradient V,V, (7%) = 1# d, s(7%) Qs(7%)

41 = argin {11 37 0.5 (@), ) D)}

TeA(A S seS

— | kTl _argm|n{17k<QS 7r5>+D(7r5,7ré‘)}, VseS
7T5€A(A)
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Analysis of PMD |

75 = arg min {nk<Qs(7T ),p) + Dki(p, 5)} Vse s
pEA(A)

e three-point descent lemma [Chen and Teboulle, 1993]:
if ¢ convex and

x* =argmin{¢(u) + D(u,x)}
ueC
then for any u € C,

d(xT) + D(xT, x) < ¢(u) + D(u, x) — D(u, x™)
e applying to PMD update with ¢(-) = 1, (Qs(7%), -),

e Qs(m), ™t = p) + D(r ™, mg) < D(p, ) — D(p, ms™

)
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Analysis of PMD I

last inequality on previous slide
( k+1)

(Qs(m¥), mé*h = p) + - D(n s mg) < 0-D(p, ) — 5-D(p, ¢

e Q-descent property: letting p = 7% yields
(Qs(m )7 §+1—7T§>§0, Vse S

® let m = 7%, and subtract and add 7% in inner product:
k 1
m3) < o D(ms me) = D(rs, m )

(Qs(m ), me ™t — )+ (Qu(m"), s —
b

A

® S

ignored (but was necessary with relative smoothness)
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Analysis of PMD Il

taking expectation w.r.t. visitation distribution d,(7*)
k

Es~d [<QS(7Tk)a7Tk+l §>l+55~dp(ﬂ*) [<QS(7T )77T§ - W;>]

~"

a b
S n_lde,,(w*)(Tr*a T ) — 'r]_ldep(ﬂ-*)(ﬂ-*7 7Tk+1)

e performance difference lemma: b= (1 —7)(V,(7*) = V,

® part a:

3= Y oesdps(m)(Qs(m"), w7l
d,s
= Y es g2y o o( ) Qo(k),
dp(7*)
(Q-descent) > Hdp(ﬂkﬂ)

d,(m*
(PDL) = ||5%5,

(=) (V) = V()

k)

Zses dp75(7Tk+1) < QS(Wk)a éﬁLl

(7))

S

s

k
s

)

64



Analysis of PMD [V

mwﬂﬁkﬁgj,@:%wWAN %), Dy =Dy vy (", ), then

1

_ «<_ - p -
Ors1(Okr1 — Ok) + 0k < T P e vy

Di+1

need to upper bound 6,4

® p uniform distribution: ps = 1/|S| for all s € S

® p = p*: stationary distribution of optimal policy 7*

1
011 < max Ps =

ses (L—=7)ps  1—7




Convergence rate with p*

using 1= | 2752

< 1
_ 17,71

1 1
dk+1 + —Di1 < vk + —Dx
Tk Nk

® arbitrary constant step size 7 =17
1 1
k(l — ) n
® increasing step size nx11 = Nk/7Y

1
D1 < A% (50 + —Do>
Y7o

Okt1 +
YMk+1
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lteration complexity with p*

theorem: in order to find 7 such that V,-(7) < V7. + ¢, number of
iterations of PMD bounded by (assuming 72, = 1/|.A] for all s, a)

e with constant step size nxy =n > (1 — ) log | A
2
(1 —7)%
same as Agarwal et al. [2021] (for natural policy gradient)
® with 7o > 1_77 log | A| and k11 = 1k /vy
S
1—v 7(1—=17)e
slightly tighter than Lan [2021] (diminishing regularization)
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Convergence rate with uniform p

l—|—”y\8|
-

using 01 <

(1 + 1S < (L +1SD3 + £D — 2 Dia

® constant stepsize 1y =7
51 <z (14718160 + 20y

- - ; 1+9|S|
® |ncreasing stepsize >
g p Mk+1 = 575 15] Mk

k
1 1—y S S—
S+ st D < (1= 1) (90 + sl Do)
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lteration complexity with uniform p

theorem: in order to find 7 such that V,(m) < V7 + ¢, number of
iterations of PMD bounded by (assuming 79, = 1/|A] for all s, a)

® with constant step size n, = n > 1+7|3| log | A|
2(1++5])
(1 —7)%
worse by factor (1 4 v|S]) than [Agarwal et al., 2021]
: 1S
e with 770 W |Og |.A‘ and Nk+1 = ’Y+ ||S‘|77k
1 S 2
+ /8| og
1—9 7" (1-=7)e

worse by factor (1 + 7|S]) than for complexity with p*
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Superlinear convergence |

rewrite the “master inequality” as

Dk+1 1 Dk
Ok+1 + TG = (1 - %) <5k + (0k+1_1)(1_’7)77k)

increasing stepisze: if 1, >

0
7. —7k-1, then

D 1 D
Ok+1 + ﬁ < (1 - W) (5" T Gk(l—vk)nk—l)
D
< H/ =0 ( :) (60 + 90(1—37)77—1)

therefore, 6, — 1 implies superlinear convergence

dp(ﬂ*)
dp(ﬂk) 00

— 0, since Ny — o0

o if Dy = Dy (r (7, 7r)—>0,then7rk—>7r*,thus‘ —1

® but it may not hold even though #
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Superlinear convergence |l

dp(ﬁ*)
dp(7¥)

e convergence of P(r%) (cf. [Puterman, 2005, Corollary 6.4.10]

sufficient conditions for 6, = — 1
lim ||P(x*) — P(z*)|| = 0
k—o0
because d,(7) = (I — ’yP(W))_Tp
® there exists 0 < C < oo such that for all k =1,2,...
|P(7*) = P(m*)|| < C (Vy(7¥) = V)
then quadratic convergence (cf. [Puterman, 2005, Theorem 6.4.8])

these conditions may not hold even if V,(7%) — V* at fast rate
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Outline

e discounted finite Markov decision process (MDP)

e (exact) policy gradient methods:

— policy gradient method with softmax parametrization
(non-uniform PL and smoothness, linear convergence)

— projected policy gradient method
(gradient mapping domination and O(1/k) rate)

— natural policy gradient (mirror descent)
(O(1/k) rate and linear convergence)

— projected Q-descent method (new)

e summary (insights on linear convergence)
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Projected Q-descent (PQD)

e probability weighted divergence: for arbitrary p € A(S)

Dy(m.w') = E [3llme —wil13] = 3 ps- Fllme —mifl3 <1

seS
® mirror descent method

71 = arg min {nk<VV,J(7rk), 7T> + ﬁDdM(ﬂ-k)(ﬂ',ﬂ'k)}
TeA(A)IS]

= arg min { L Z dys(m (77/(<Qs(7Tk)7 7s) + 5ll7ms — 775“%)}

TeA(A |3‘

= Proja s (¥ —UkQ( “)

® equivalent to separate projections for each state

7T§+1 = PI‘OjA(A)(ﬂ'é( — nkQS(T('k)), se8S
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Convergence of PQD

projected Q-descent:
7T§+1 = PI‘OjA(A)(ﬂ'é{—’I]kQS(ﬂ'k)), seS8

from analysis of general mirror descent:

® constant step size nx =1
1 1 0 L : .
0 < =] <50 + ﬁDp*(W*77T )) < k(1—v (ﬁ + 5)

® increasing step size k1 = 1k /7

~—|

(Sk—i-ﬁDp*(?T*, 7Tk) < 7k ((50 + %Dp*(ﬂ'*, 7TO)) < 7/( (L + ﬁ)
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lteration complexity of PQD

theorem in order to find 7% such that V,.(7%) < Vi + ¢, number
of iterations of PQD bounded by

® with constant step size nx =1 > (1 — )

2
(1 —7)%
1 | 2
0g
1—y " (L—7)e

(new) dimension-independent iteration complexity, same as NPG!
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Outline

e discounted finite Markov decision process (MDP)

e (exact) policy gradient methods:

— policy gradient method with softmax parametrization
(non-uniform Pt and smoothness, linear convergence)

— projected policy gradient method
(gradient mapping domination and O(1/k) rate)

— natural policy gradient (mirror descent)
(O(1/k) rate and linear convergence)

— projected Q-descent method (new)

e summary (insights on linear convergence)
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Hint of structure

policy gradient
oVs(r) 1
Ore 1-—

® recall performance difference lemma:

Vi) = ValF) = 7= 3 de(m) Qe () 7 — o)

~ d5,5/(7r) Q5/(7r)

® |ooks like a linear function!

f(x) = f(y) = (VE(y). x —y)
not really; but has both convex- and concave-like properties

— gradient (mapping) dominance ensures global optimality
— descent property does not depends on stepsize
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Quasi-convexity and quasi-concavity
e for any m € A(A)IS! define A € RL‘E‘XM' as

00
>\s,a - Zps’ nyt Pr (St =S,dt = a|50 - 5/)

seS =0
— ) feasible for dual linear program (e.g., [Puterman, 2005])
~ Tsa =1 ,;\A and V,(m) = (r,\) = ZSGS,aGA rs.a)s,a
e proof of quasi-convexity: for any ¢ > 0,
{re AT V(r) < ¢}

is image under linear fractional transform of

{x e R X feasible to dual LP and (r,\) < ¢}
(see, e.g., [Boyd and Vandenberghe, 2004, Section 2.3.3])
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Connection with policy iteration
¢ policy iteration

mit = arg min Qs o(7¥) = arg min (Qs(7¥), p), Vse€S
acA peA(A)

e natural policy gradient (exponentiated Q-descent)

k+1 = arg min {nk<QS(7T ), p> + D1 (p, S)} Vse S
pEA(A)

e projected Q-descent

7T£<+1 — arg min {nk<Qs(7Tk), P> + %HP — ﬂf“%}a Vse s
pEA(A)

NPG and PQD equivalent to policy iteration as 7, — o
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Comparison of convergence rates
¢ policy iteration
k
V(7)) = Voo <AMIV(7%) = V¥ < 15
* natural policy gradient with 7,1 = 7,/
Vp*(ﬂ'k) — Vt S ’yk (Vp*(ﬂ'o) — V** ‘l‘ LO Eswp |:DKL( 57 _(9) :|>
<y (— + 7_770 log |A|>
e projected Q-descent with 7.1 = nx /7
* * * 2
Vi) = Vi <o (Ve (%) = Vi + 24 By [B 1 — 202 )

k 1 1
=7 (mﬂ—m)



Insights from [Bhandari and Russo, 2020]

e define 7%

*1 as function of stepsize n > 0:

#%(n) := argmin {77<Q(7Tk), m) + D(, 7Tk)}

reA(A)

notice that #¥*1(n) — 75"

® exact line search

k+1

T — ﬁ'k+1(

77*)7

then V, (7Tk+l) <V, <7TIF§|+1

S|

Lasn — o0

n. = arginf V,(#"1(n))
1€(0,00]

), known to converge linearly
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Insights from [Bhandari and Russo, 2020]

e in fact only need 7 to satisfy

V,(7%) = V, (A (1)) < 5 (Vo(n¥) —inf, V, (7K1 (n)))

and can replace % by any fixed factor less than 1

e Frank-Wolfe (Conservative Pl of [Kakade and Langford, 2002])

7" = (1 — )" + anf! it = argmin (Q(7*), )
TeA(A)IS
linear convergence

V(%) = Vil < (1= a1 = 7)) V() = V*[|c

this tutorial: linear convergence with stepsizes 7,1 = 1x/v
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Role of regularization

work with regularized cost function:

ety VAT + T Eflm)

where hg convex or strongly convex
recent work: [Cen et al., 2020], [Lan, 2021], [Zhan et al., 2021], ...

simple take-aways:

® not necessary for linear convergence; increasing stepsizes suffice
(see also [Mei et al., 2021, Lan, 2021, Khodadadian et al., 2021])

® but can improve the rate of convergence (regularized objective)
® good for approximate and stochastic policy gradient methods?
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Summary |

policy gradient methods

— policy gradient with softmax parametrization
— projected policy gradient method

— natural policy gradient (mirror descent)

— projected Q-descent method

convergence to global optimality despite nonconvexity
— constant stepsize: O(1/k) sublinear convergence

— increasing stepsize: O(+*) linear convergence
interesting optimization theory

— unconstrained: gradient domination, nonuniform smoothness
— constrained: gradient mapping domination

— mirror descent: preconditioning with weighted divergence
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Summary |

structure of discounted-reward finite MDP

e generalized monotonicity ([Liu et al., 2019, Lan, 2021])
(same as gradient domination? both due to PDL)

e (Q-descent property, independent of stepsize
e work with Q-functions rather than gradient (preconditioning)

extensions

® stochastic policy gradient methods and their sample complexities
([Shani et al., 2020], [Lan, 2021], ...)

e function approximations, their optimality and efficiency
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